We review the works done by our collaboration (Scalar collaboration) for the scalar mesons in the lattice QCD. We present the preliminary results and the plan for simulation of the sigma meson and the kappa meson.
Introduction
The nature of the low-lying nonet scalar mesons continues to be an interesting problem in hadron physics. The existence of the I = 0 and J PC = 0 ++ meson, i.e., the σ(400 − 600) has been re-confirmed [3] after some twenty years not only in ππ scattering [1, 2] but also in various decay processes from heavy-quark systems e. g. , D→ πππ and Υ(3S ) → Υππ [4] [5] [6] [7] . Moreover, a resonance of scalar meson with I = 1/2 is also reported to exist in the K-π system with a mass m κ of about 800 MeV [8, 9, 7] . This meson is called the κ and may constitute the nonet scalar state together with the σ meson. See Fig.1 . (uū+ dd + ss) and octet state 1 √ 6 (uū + dd − 2ss). There is , however, experimental evidence that the σ meson consist of only uū and dd components. Hence, we take the σ wave function given in the figure.
The problem is the nature of these low-lying scalar mesons [10] : they can not be usualmesons as described a e-mail: motoo@kokushikan.ac.jp in the non-relativistic costituent quark model since in such a quark model, J PC =0 ++ meson is realized in the 3 P 0 state, which implies that the mass of the σ meson must be as high as 1.2 ∼ 1.6 GeV. So the low-lying scalar mesons below 1 GeV has been a source of various ideas of exotic structures, as mentioned above: they may be four quark states like[11, 12] , or ππ or Kπ molecules and so on as the recent high-lying exotic hadrons can be. These mesons may be collectivestates described as a superposition of many atomicstates [13, 14] . A mixing with glueball states is also possible [15] [16] [17] .
Now there have been a number of simulations of lattice QCD for clarifying the structure of the low-lying scalar mesons such as the σ and κ. It is noteworthy that elucidating the mechanism for these scalar mesons to have such a low mass in terms of their structures would also give a good clue to the possible structure of the exotic hadrons with heavy quark.
In this paper, we report our approaches to the σ meson and the κ meson.
The sigma meson in the lattice QCD simulation
There have been several attempts at lattice study of the σ mesons. To our knowledge, the first such calculation was carried out by DeTar and Kogut [18] , where the so-called disconnected diagram, or the OZI forbidden type diagram is discarded. The channel was called valence sigma, σ v . They measured the screening masses and observed that σ v is much heavier than the π meson at zero temperature, while the σ v and the π degenerate as the temperature increases over T c . Kim and Ohta calculated lattice the mass of σ v with staggered fermions for the lattice spacing a = 0.054 fm and lattice size 48a =2.6 fm [19] . They obtained m σ v /m π = 1.4 ∼ 1.6 by varying m π /m π = 0.65 ∼ 0.3.
EPJ Web of Conferences
Lee and Weingarten [15] have stressed the importance of the importance of the mixing the scalar meson and the glueballs and concluded that f 0 (1710) is the lightest scalar glueball dominant particle, while f 0 (1390) is composed of mainly the u and d quarkonium. Alfold and Jaffe analyzed the possibility that the σ is an exotic state i.e., tetraquark () by a quenched lattice QCD discarded the disconnected diagram [12] . Riken-Brookhaven-Columbia (RBC) collaboration [33] employed the domain wall fermions for the lattice study of the σ, which respected the chiral symmetry, but include a quench a quench approximation with the help of the chiral perturbation. All these calculations are in the quench approximation, i.e., the fermion determinant is dropped, which corresponds to ignoring quark pair creation and annihilation diagrams. UKQCD observed that the σ meson masses in the quench approximation and in the full QCD simulation are very different [16] . They also considered the mixing with the glueballs. They obtained a very small σ meson mass, even smaller than the π mass, in the full QCD case.
Our collaboration [21] [22] [23] [24] performed a exploratory work on the σ in the full lattice QCD simulation. We remark that the full QCD simulation is necessary to properly describe the σ with the possible contents, i.e., the glueball, terra quarks and so on.
The quantum numbers of the σ meson are I = 0 and J PC = 0 ++ ; We adopt the σ meson operator aŝ
where u and d indicate the corresponding quark spinors. Indices c and α stand for color and Dirac spinor indices, respectively. The σ meson propagator is written as
In Eq.(2), W −1 's are u and d quark propagators, U's are link variables of gluon, and S G is the gauge action. By integrating over u,ū, d andd fields, the σ meson propagator is given by
where
"Tr" represents summation over color and Dirac spinor indices. Here we assumed that the u and d quark propagators are equivalent because u and d quark masses are almost the same. From Eq.(3), we can see that the σ propagator consists of two terms. The first term corresponds to the connected diagram, i.e.,qq type meson. The second term comes from the disconnected diagram, i.e., the correlation of fluctuation of the operatorq(x)q(x). The quantum number of the σ meson (I = 0 and J P = 0 + ) is the same as that of the vacuum, and the vacuum expectation value of the σ operator, < σ(x) > does not vanish. Therefore, the contribution of < σ(x) > should be subtracted from the σ operator.
We employ Wilson fermions and the plaquette gauge action. The dynamical quarks effects are expected to be important in estimation of the disconnected diagrams of the σ propagator. Therefore, the σ propagator should be calculated in the full QCD simulation. For this purpose, we generated the gauge configurations by using Hybrid Monte Carlo (HMC) algorithm.
CP-PACS performed a very large scale simulation of the light meson spectroscopy in full QCD calculation [25] . We use here the same values of the simulation parameters, i.e. β = 4.8 and the using hoping parameter h = 0.1846, 0.1874, 0.1891 except lattice size; Our lattice size, 8 3 × 16, is smaller than theirs. Note that we employ the point source and sink, and smaller lattice size results in larger mass due to higher state mixture. In other words, our mass values on the small size lattice should be considered as an upper limit. We show in Table 1 the value of m π /m ρ together with that of CP-PACS. They are consistent within error bar. We generated the gauge configurations in full QCD by using HMC algorithm. First 1500 trajectories were updated in quenched QCD, then we switch on the dynamical fermion. Next 2000 trajectories of HMC are discarded as the thermalization a nd the σ, π and ρ propagators are calculated in every ten trajectories. It is very hard to evaluate the disconnected part of the propagator, since we must calculate TrW −1 (x, x) for all lattice sites x. We used the Z 2 noise method to calculate the disconnected diagrams and the subtraction terms of the vacuum < σ >. Each of these terms is the order of ten, and (σ− < σ >)(σ− < σ >) becomes less than 10 −4 . Therefore high accuracy is required for the calculation. One thousand random Z 2 numbers are generated. Our numerical results show that the values of the second in Eq.(3) are in the same order. Therefore, in order to obtain the signal correctly as the difference between these terms, the high precision numerical simulations and careful analyses are essential. The relation between the number of Z 2 noise and the achieved accuracy was investigated in Ref. [21] . Gauge configurations were created by HMC in SX5 vector super computer, and most disconnected propagator calculations by Z 2 noise method were mainly performed SR8000 parallel machine.
We show in Table 1 the value of m σ /m ρ for each hopping parameter together with the corresponding m con. /m ρ , where m con. denotes the scalar meosn mass for which the disconnected diagram is not included. It should be noticed here that the mass m con. can be identified with the a 0 meson which is the isovector isoscalar meson for which the disconnected diagrams does not play any role.
The individual contributions of the connected and disconnected parts of the σ propagator are shown in Fig.2 , (4) which tells us that the connected part only shows a rapid damping with small error bars, while the disconnected part overwhelming the connected part and dominates the σ propagator. Thus, we see that the σ as a light meson results from the disconnected part of the σ propagator with the background vacuum condensate subtracted. [24] , which shows that as the chiral limit is approached, the σ meson mass obtained from the σ propagator decreases and eventually becomes smaller than the ρ meson mass in the chiral limit.
It might be more informative to display the masses as functions of m 2 π , which could be extracted by some effective models [20] . The m 2 π dependence of m σ and m ρ is shown in Fig.3 , which is equivalent to Fig.3 of ref. [24] .
Important points obtained in ref. [24] are that the σ propagator exhibits a pole behavior and its mass is found to satisfy m π < m σ ≤ m ρ .; for the sigma mass to become small, the disconnected diagram plays an essential role. The flavored scalar meson is not light as observed experimentally; m a 0 ∼ 1.9 GeV, which are much higher than the experimental masses, 0.6 ∼ 0.8 GeV.
The UKQCD collaboration [26] , used the full lattice QCD, with a variational fit with glue andqq interpolating operators, to study the σ meson. The mass of the σ is below 1 GeV.
Some lattice groups [27] [28] [29] maintained to get result for the mass of sigma using the tetraquark type interpolating operator from the quenched lattice QCD. Recently, 
2 + 0.3219, respectively, with a being the lattice spacing.
Prelovsek et al. [30] found the light state in the sigma channel using tetraquark type interpolating operator discarded the disconnected diagrams from the quenched and the full lattice QCD. The disconnected diagram of these results needs to be quantified.
The kappa meson in the lattice QCD simulation
At the first we performed a lattice calculation of the κ meson in the full QCD simulation using the dynamical fermion for the u (d) quark but the valence approximation for the s quark on the 8 3 × 16 lattice with the plaquette action and Wilson fermions [31, 24] . We have presented that the κ meson has a mass as large as about 1.8 GeV and can not be identified with the κ meson seen in experiments. The lattice volume in the previous investigations was admittedly small to have definite conclusions at all, and the lattice cutoff was not appropriately chosen to accommodate the large masses m κ a >1, where a is the lattice spacing. We have performed the quenched simulations on the κ meson [32] so as to clarify the structure of the scalar meson rather than to reproduce the experimental value of the mass; a quenchedlevel simulation should give a rather clear perspective on whether the system can fit with the simple quark model picture or not. For comparison, we also perform a simulation on the axial vector meson (K 1 ) with I = 1/2 J P =1 + , which is found to well describe the physical system even in the quenched level: the K 1 comes from the mixing between I = 1/2 J PC =1 ++ and 1 +− . In fact, the axial vector meson K 1A and K 1B are mixtures of the K 1 (1270) and K 1 (1400). Hence, our simulation for the axial vector meson is an ideal case. Moreover, we also present the result on the valence σ meson for getting into the intuition on the sturucture of the scalar mesons. We have used the Wilson fermion with the plaquette gauge action, on a relatively large lattice, i.e., 20 3 (20) hopping parameters except for h s = 0.1557, CP-PACS collaboration performed a quenched QCD calculation of the light meson spectrum with a larger lattice (32 3 × 56) [35] , which we refer to for comparison. The gauge configurations are generated by the heat bath algorithm at β = 5.9. After 20000 thermalization iterations, we start to calculate the meson propagators. On every 2000 configurations, 80 configurations are used for the ensemble average.
We emply the point-like source and sink for the κ + mesonκ First, we check finite lattice volume effects by comparing our results for the π and ρ masses as well as the mass ratio m π /m ρ with those of the CP-PACS group. The results are summarized in Table 2 . Our result for the ρ meson mass is only slightly (< 5 %) larger than the CP-PACS's result. The resulting larger value is reasonable because the smaller lattice size gives rise to a mixture of higher mass states. We rather emphasize that the deviation between our results and the larger lattice result (CP-PACS) is so small in spite of the large difference in the lattice size.
In Fig. 4 , we display m In Table 2 , masses of valence σ (a 0 ) for each hopping parameter are shown. m σ v /m ρ varies from 2.5 (h u/d = 0.1589) to 1.6 (h u/d = 0.1557) which is consistent with our previous results [24] . In other words, without disconnected part of the propagator the mass of "σ" becomes heavy. We also present a 1 mass in Table 2 . Now the propagators of the K, K * , κ and K 1 mesons are calculated with the same configurations using the squark hopping parameter, h s = 0.1566 and 0.1557. For h s = 0.1557, the effective mass plots of K * , κ and K 1 mesons are shown in Figs. 5-7. The masses of the K, K * , κ and K 1 which are extracted from the effective mass plots are summarized in Tables 3 and 4 . We find that the effective masses of the K and K * mesons have only small errors and are taken to be reliable, while those of the κ and K 1 suffer from large errors, especially at larger time. To avoid possible large errors coming from the data at large t, we fit the effective masses of the κ and K 1 only in the time range 5 ≤ t ≤ 7, 8 where the effective masses are almost constant with small errors. Since the effective mass of K * is reliable, we show the κ and K 1 masses in terms of the ratio to m K *  : table  5 (23) 1) h crit = 0.1598(1). m K = 495. 6 [MeV] being the average value of the Kaon masses given in the PDG [3] . The resulting value is found to be h s = 0.1576(2) (or 1/h s = 6.3452(80)), which in turn gives the mass ratio m κ /m K * = 2.00(80) and m K 1 /m K * = 2.03 (10) . The values of mass ratios which are obtained from two ways 1) and 2) are also presented in Table 5 . One can see that both the ways give almost identical results for the masses of κ and K 1 which are about twice of K * mass. Prelovsek et al. [33] have presented a rough estimate of the mass of the κ as 1.6 GeV obtained using the average quark mass of the u and s quarks from the dynamical simulations with the degenerate N f = 2 quarks on a 16 3 × 32 lattice. The UKQCD Collaboration have quite recently studied the κ using the dynamical N f =2 sea quarks and a valence strange quark on a 16 3 × 32 lattice [34] ; they estimated the κ mass as about 1.1 GeV, much smaller than those in [24, 31, 33] value ∼800 MeV. Mathur et al. [27] presented the results of the κ channel using the type of tetraquark operator discarded the disconnected diagrams from the quench approximation. This result is consistent with experimental mass of the K * 0 (1430). Recently, Prelovsek et al. [30] found the light state in the κ channel using tetraquark type interpolating operator discarded the disconnected diagrams from the quenched and the full lattice QCD.
Current status of our simulation for the scalar mesons
We present a new simulation on large lattice (16 3 × 32 ) than our previous simulation in full QCD. We will adopt several interpolating operators (qq,,, gluon etc.) for the scalar mesons by applying covariant derivatives on Jacobi smeared sources and sinks [36] . We employ the all to all propagator to improve the statistical accuracy. We use gauge configuration from CP-PACS collaboration [37] . These configurations were generated with renormalizationgroup improved action and the Wilson-clover quark action. Our simulations are the preliminary stages. As test simulations, Fig. 9 and Fig. 10 shows the propagator of the κ meson using the smeared sources and sinks in the time direction. We use here the simulation parameters, i.e. β = 1.95 and the using u/d quark hoping parameter h u/d = 0.1390, s quark hopping parameter h s = 0.1386, C sw = 0.15300. 20 configurations are used. It is necessary to improve the statistical precision of the estimation of the κ propagator.
We also plan to improved the σ propagator using the all to all propagator with the dilution techniques [38] . 
Summary
The σ and other low-lying scalar mesons are still a source of debates. All full QCD lattice simulation suggests the existence of a low-lying sigma as a pole in QCD; the physical content is obscure: the disconnected diagram gives the dominate contribution. A quenched lattice calculation suggests that the κ meson can not a normalstate. We will present the new results of the σ and the κ meson in the near future. The calculation was done on SX-5, SX-8, SX-9 at RCNP, Osaka university and on SR-8000 at KEK.
